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TECHNICAL REPORT R-79

FAST INTERPLANETARY MISSIONS WITH LOW-THRUST

PROPULSION SYSTEMS

By W. E. Mm.:CK_L

SUMMARY

.t .,'implefamil!/ <_f imlirect-tra,.,:fertra]ed,,ric,_

between circular ,rbit,_" i._ u,_ed to ecaluelc the mas._

ratio required t_, complete round-trip interpla_ietary

mission_ u._ing l,w-thru,s't propul._ion ._?l,,'t::m._. The.s:

trajectorie,% although not ,,ptimum, yielded eery ,_ub-

,_tatdiaI redueti,ms i_ lotttl round-trlp time.for ,1far,:

mi._,_ions wild moderate incrca._e,_ in initial weight.

I'br a powerplant ,,'pecific weight a qf 10 pou_d,_ per

kilowatt ql jet power, trip times were reduced,from

1200 to 000 de!l,% jbr a typical manned missTon,

wild an :Mtial ,weight inerea,_'e qf a factor _:f two.

O_mparison with a nuclear reel:el with lO00-,_eco_ld

._peeifie impul,s'e indieatcfl that the cIcctric-propul.__'ion

._!l._tem required le,_'u initial weight for trip time._, as.

low a._, 550 days with, a- 10 aml as low a,_ ,_00 day,_

with a=5 pmtnd,s per kilowatt. Further weTght

reduetions would be expected with more nearly

optimum trajcctorTes.

INTRODUCTION

Tiw st udy of rmnld-lrlp inlerl)lanelln' 3" mid,ions

ll_illg low-llu'usl prol)UlSion systems (SIlC}I i1_ O](?('-

tric propulsion) is more dimmlll lintY| similar

slndies for hig'll-llirll:-;{ S VSI('II]S, ]>_oCillise lhe tra-

jeclory 17'llllllOl, in g'OllOl'_l], |)C represellled in c]o._ed

fornl. To i|elol'lnino ltie pl'Opelhinl IllaSs roqllil'od,

a eomph,le inlegralion of tile lriljol.'lor)" oqlilll[ol3.s

is generally llgCt`SSal'_ + foi' each trajectory ellosen.

It is ]lliluril]ly desirable to eliooso lhoso lrtijee-

Iorios ilia|, lllininlizt` lhe lolal hiilial woigiit re-

quired 1o eonil)h'le it mi._._ion in a given ]eiiglh of

lhne. For one-wav li'il)S lo =Xllir.% snell nT1oplhni-

zalion pro_c, rilnl was reported in reference 1. A

discussion wa,_ also given in referenc(" 1 of rOlllld-

lrip missions con._isling of oplinlum OllO-wily

Iraje('to]'i,",_; t)tllj since lie iillellil)l vi.-:/_ Inlide to

ineludt` tile effect of walling {ilile ;il lhe deslina-

lion phlnel (which is roqnired 1o effect ren<lezvo,l,_

willl the b]arlii), no valid <'OliC]u_ions oould lit'

di'ilwn on the pro]/el|lini reGnh'onlenl<_ i/,_ full<'lloil,q

of overall mi._sion lime. 1I i_, in fll_'l, _'h'ar from

sltidh's of higll-lhrusl lraje_qorit`._ (refs. 2 {o 4)

that direel Ein'lh-i)h/nei ll'ajecloi'ios _ueli ll_ lho.qo

of reference 1 are nnlikely lo produce lhe ]iil'_osl,

nlis_ion-linlo reduelions for il _'i'VOll hlilia] weigi i.

Anolhor slud.v of iow-lhrust round-lrip n_li_sions

was in_'luded in Fofol't'nco 5, wherein colls|lllll-

lilngelilial-l|irn_l lraje_'lories were used. ltow-

ever, as was poinled out in lha{ l'efol'eriee> i/n

e×tonsive pl'o_crrilnl of Irial-and-error coillpll(a-

lions wouhl lie required io mal,:t` i|iese t rajet`lories

usefu] for ronncl-lrip missions much flislei' lhan

tilt` nlininlunl-energ3" mission. Con.,leqnenl|,y, il
tills liililerio not 1)con delerinined whether fash,r

round-lrip inlerlilanelilrv missions are possil/lt`

_.igillg eh,_.tric-prclpulsion systt`ins, or W|lill weight

perillllies are likely lO l)e involved lo av]lieve Sllt`h

linio redu<'lions. ']'[it, l)ui'post` of lhe presenl

report is to answer liiese queslions in a prt`lin_inary

way.

The appl'oaeh used herein is to st`h,cl a parlicu-

lar faniil'f of conlinuous-1]irusi Irajeclories (nor

necessarily opiinlnni) for which it is easy to vary

Irip lime, lralisil ling|e, iilnl perihelion or aphelim_

disiilllCO. Coini)hlalions of IIII'Illl)OFS fir this filniil,v

of trajectories are llit`n found lliltt minimize lilt'

hiilial weight for a 7iron total lrip lime. Tile

rosulls are lilell npl)lied Io I.vpieal inlillnod alid

llnn]llnnod X|ltl'S missions lo show how illitill|

woiglii varies wilh lni,_,qion lime and io compare

tills weight wilh llnll po_sil>le 1.1sing high-lhrusl
nuc!enr roekt`Is.
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MISSION ANALYSIS

GENERAL DISCUSSION

Before considering the particular trajectories

selected, it is well to derive general expressions

for deterndning inilial weight required for any

round-lrip inierphuletary mission. These ntis-
sions can generally be divided into seven phases:

(l) Earth escape, (2) Earth-planet transfer, (3)

descent to planetary orbit (or surface), (4) waiting

time, (5) escape from phlnel, (6) planet-Earth

transfl-r, and (7) descent Io Eartll orbit (or sur-

face). For one-way inievplanetary probes, only
the first bye or three of these phases need be

considered; while for round-trip missions, all ntust

be inchided. With high-tlirust propulsion sys-

tems, only pliases (I), (3), (5), and (7) invoh'e

propulsion periods; while with low-tlu'ust systems

all l>hases except pliase (4) may require contimious

propulsion.

For preliminary sttidies of mission capal)ililies

and feasible trajectories, such as those contained

herein, il is assumed that:

(1) Oilly a single _avitational mass need be

considered during each phase (the Earlh in phases
(l) and (7), the desllna[ion planet in ])hases (3),

(4), and (5), and the Sun in phases (2) and (6)).

(2) The orbits of the Earth and the destination

planet are circular and coplanar.

These assumptions are justifiable on the grounds

that Ihe major energy cllanges involved in the
actual mission are inchided in this simplified
mod el.

The escape and descent phases of the mission

(phases (1), (3), (5), and (7)) can be adequately

liandled using the eliarls of reference 5. These

charts present trajectory parameters for constan!

specific impulse and eonshint thrust directed

paralM to ,tie instantaneous veh,eily vector.
It has frequently been indicated (e.g., refs. 1 ant[

5) tlial conshml-langel_lial-lhrust trajectories are

close to optinmm witli respect to propelhnlt

consulnption for acederations from sat elIite orbits

to escape veh)cily.

The Eta'tit-planet transfer phases (2) and (6)

will 1)e evahiated using a I)articular trajectory

family to be derived. These phases consist of
transfers between two tire,liar orbits (those (,f the

Earth and the destination planel) wi[]l the

boundary toM'lion thai the vehMe vehMty is

equal in magnitude and direction to ,ha! of the

Earth al the Eartll's orbil and thai of the destina-

lion phulet at its orl>it. For such transfers,

reference l indicated that propellant consump-

tion is minimized if maximum jet l)ower is applied

at all times (as in the constant-thrust case) but

with the thrust varied to follow cerhtin oplimum

trajectories. Phases (2) and (6) will therefore be

calh, d variat)le-tln'us[ 1)hases; and lhe trajech, ry

family t<) l)e derived, althouglt not Ol)limum, is of
lhc consianl-power, variable-l]lrusl lyl)e.

._,ss RATm fOR CONSTANT-THRUSTPnASV=S

As petaled mtt in reference 5, mass losses olher

than prol)ellant consumption can someiimes be-

come imporlant in cal<.ulating the trajeciories

and t>erformance of h>w-thrus( vehicles. Particu-

larly for manned missions, the eonsuniplion and

ejection of subsisience supplies may significantly

affect tim trajectory during the lenglhy prol)ul-
sion periods. The nmss-ralio expressions, both

for constant-thrust and varial}le-lhrusl trajec-

tories, will therefore lw derived for the case whe,'e

supl)lies, other than propellani, are being ejected

without generaling [hrusi. It is assumed that

this ejection lakes place al a eonslan[ rate, since

disconiinuous ejection of sizable mass requires

stepwise in tegration of the equal ions of uiolion.
To delermine the trajectory as it funelion of

lime from the cllarts of reference 5, the two

paranielers that must be specified are ao and 1_,

where no-:: F/mogo is the initial thrust acceleration,

and I"j=v/C:,o is the effective jet velocil) parameter.

(Subscript 0 is used to designale values in the
reference orl)i[, wl,ich is either the departure

orhit fin' escape phases or the deslinalion orlfit

for descent phases.) The expression for effective

jet w,lociiy parameter is derived as follows:

F F
(t)

v3-- 7D--TD_,-t fi_.

where cj is eft'eel're jet velocity, f' is tli]'usl, ?hp_

is propellatlt consumption rale, and rD, is supply

ejeclion vale. (All symbols are defined in ap-

pendix A.) Now

F
_pr i

_.*, ;or

where z'+._ is propellal_l jcl vehieily, so lhal

7_j.pr

r+-- 7fl, (2)
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N[aking all velocities dimensionless with the ref-

erence circular veloeily vc.o viehls

lff fib;
'/'B pr

(3)

With 1_ and a_ specified, constant-thrust phases

of the trip ean be detemfined from the cha,'/s of

reference 5. The mass ratio for these propulsion

periods is given by

rnb 1 a or ?no (4)

where r--v¢.oti'ro, the dimensionless propulsion-
time parameler, and where m0=m, for outwaM

paths and m0--m_ for inward paths.

For electric-propulsion systems, lhrust and pro-

l)ellant jet, velocity (or a0 and t':.p,) are not in-

dependenl. For conslant jel power, they are,

in fact, related by

lhpr_;_,pr _ FFj,pr: 1476P_ O)

where F is expressed in pounds, v zw in feet per

second, and Pj (the jet power) in kilowatts. In
dimensionless form this becomes

aol_.p__1476 ll" Ps
_,c.om,,g0IV, (6)

where IV,= m_goo is the initial space vehicle weight.

This initial weight is introduced to penilit use of

two design parameters: the specific powerplant

weight a (= IG,/P.,, lb/kw) an(1 the ralio of power-

l)]ant weight to initial gross weight fl (= IVw/W,).
With these parameters, equal ion (6) becomes

1476 11_
a0I_, p_ (7)

l!c,O mOff o C¢

The mass ratio for the propulsion period can l>e

expressed in a more useful rom , in terms of the

propulsion time and the parameters oe and _,
Thus,

me= 1 m° aor ff?,t: (S)
m a m, 1_. pr 111,_

where l:is the propulsion lime. But

1476 ll_ fl
_, _,= (9)

a0rc, O //_ogo c_

and

ao= (a:) = (a,:)
r/ re. ol r

re

Consequently,

mb=l_4.14X1O_,r0(a0r)_(m° _' m,,q, a
mo \m.: i< aT:

(10)

rhst!

•D'/, a

(11)

where ro is expressed in miles and t: in days.

For the outwaM lrajeetol T (mo=m_,), equation

(11) is the sohttion for mdm,,. F(w the inward

trajectory (too=too), the sohltion of the quadralic
for mb/Dq, a is

/ ( tiLIL'_--Imb "_ 1 I-4C 1--_- G/

m_ 2C

w]lere

C=4.i4,AlO_Sro(aor) 2 m_g_! aS_

For vahies of C arid ff_d:/m_ much h,ss than unit 3

(which is generally the case), expansion of the radi-

cal yiehls, lo first oMer in C and rhd:/m_,

ra--2=(1--'J'd:'_ (I-C)
7;qa \ 79qa /

This expression can also be written in the following

more convenient form (for later derivations):

-_:=\rnb(1----_ ,d"d:)El_f_4.14U10 5,o(aor), _ m_.qolV,2Gp,)_.l-_

(lla)

Equation (11) (with m0--m_) will be used for eom-

pulations of mass ratio for outward paths, and

equalion (lla) for inward paths. Use of equalion
(lla) is conservative, in that values of mdm_ ob-

tained are lower than those resuhing fronl the
exact equation.

The dimensionless total-implflse pararneter (a0r)

is detemfined from reference 5 for the energy

change required during the prot)ulsion period. For

vahles of a0 and I_ corresponding to escape from,
and descent to, circular ol'l)ils near the planets with

electric-propulsion systems, lhe vahle of aor is

approximately 0.9 and is rather insensiiive to mod-

erate varialions in a0 and 1:_ in the range of interest
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for electric propulsion. This wdue will therefore

be u_ed for the escape and descent phases of inter-

phmetary missions.

It is clear from equation (1l) that, for each

constant-thrust propulsion period, an optimum

propulsion time ex-ists that minimizes the sum of

the propellant weight and supply weight required.

Representing equation (11) by

rnb=l--alt_l--aJI (12)
D'_ a

and differentiating with respect io tz yiehl the fol-

lowing values for Ol)timmn propulsion time _nd
nlaXilllllnl nlflSs i'll {io :

to,,--=-_'_, days (13)

(_m_} =1_9 raa (14)
k Ilta/ma x

or

.... _' --_sr&, / 7_2/ I dr="/
_ag,F,..,_ \ rnb .I.. m / ,1. (la

(1S)

where v_,. is expressed in mile_ per second. The

integral of the square of the nondimensional ac-

celeration _, is the quantity to be detem_ined from

the partimdar trajectories selected.
To obtain the mass ratio in a reasonably sim-

ple manner from equation (18), the mass in the
denominator of the SUl)ply-consuml)tion integral

is represented by a mean value, given by

(19)

With this substitution, equation (18) becomes

Fro' most missions of interest, to_, is unreason-

ably large. In particular, if a2 is negligible (very

small supply ejection rate), equation (12) leads to
the obvious conclusion that the propulsion time

shouht be as large as possible to reduce propellant,

eonsmnption. This optimization is therefore not,
a useful one when reductions in total trip time are

t)eing sought.

51ASS RATIO FOR VARIABLE-THRUST PHASES

For varialfle-thrusI propulsion phases, the deri-

vation of convenient expressions for the mass ratio

proceeds in a manner similar to that of reference 1,
except thai supply eonmmq)lion and ejection are
considered. The differential mass loss can be

expressed as follows:

din= --dm_,--dm_

F
=---- dt--_, dt

_j .pr

/ n?a 2 , • _ .
=--/_ --pm_J dt (15)

k, P_!j ,pc /

where the constant-power condition

.FG,_= 1476P_, (10)

has been used. Equation (15) can be written in

integral form as follows:

[',, at f,, 0r)
7_b 7iqa _10 •

0.2,qPj

tP,,gaI_e .a '_h.tz q

"'° _ I-

--
(20)

In terms of the parameters _ and/3,

0.2,_'SP_ 0.28Pj rni go, 0.28 g00 m_ fl (21)

so thqt equation (20) can be written

where

'thfl :

m._ 1 m_ __m_ a p (22)
mo k e(1 ' m_"¢ rn,/3W---

r_,. g_ kw (23)
r 0.28 gee % lb

Equalion (22) is the re<luired relation between
mass ratio and the trajeelory parameters. I1 is

l>lotted in figure 1 for several vtflues of the supply-
eonsmnption ratio _h,l/m, for the particular value

/c=}_. That this value of k is a reasonable one for

moderate supply-consumption riles was verified

by comparing the curves of figure 1 with values

obtained for two special cases for which the

m -_ integral in equation (18) is easily evaluated.
The_e eases are (1) m/m_= 1-- const. (t/t_), and ('2)
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Values obtained from equa(ions (22a) and (22b)

are indicated in figure 1 fin' the cast rhd/m,=0.3.

The comparison indicates l}ial, at ]eas( for values

of rhd/,,%,_<0.3, the curves obtain(,d for k--J._

are adequate for pr(,liminary nlission studies.

These curves do not, however, yield the correct

value_ of molto, a( r=0 [(m b//na')l,=0 = 1 -- (rhdfm_)].
The dashed curves were lherefl)r(, faired into the

correct value 1o improve (he accuracy near the
abscissa.

With the curves of figm'e 1, the mass ratio

required to fl)lh)w eons(an(-power trajectories can
be determined when the value of 7 for lhose tra-

jectories is fl)un(1. For (he particular case of

heliocen(rie (ransfer from the orl)il of (he Ear(h,
the relation t)e(ween y and r is

r=0.04v (24)

(m/m,)2= l -- const. (t/'6). For the first case (constant

mass-consumption rate), equalion (22) becomes

mo m,, (22a)
?/_a a r

'_ t+7 '

[It should be noted that the 3' of this report is
not d_e same as (hat of ref. 1. The relation be-
tween them is

2at-- (7)_t. i

The expression 72/a ph)l(cd in ref. I is relalvd l_)

the present l)aranIeler ])y

(2) kwF- (1.454 , --
_a, net. 1 ]])

where (he factor 0.454 converls the a of ref. I

(whi('h is in kgfl<w) iuto lb/kw.]

MASS RATIO FOR INTERPLANETARY ROUND TRIPS

The mass ratios required for lhe seven phases

of a round-lrip inl(,rl)lanelary mission can now be
summarized as follows:

Phase (1). Escape from circular orbit of radius

r, around Earth (from eq. (11)) :

ml l " ] -5 ,qt a '_s[]_= --3.3oX 0 r_ (25)

Phase (2).-- Ear(It-planet transfer (eq. (22)):

For the sccon(1 case, equa(ion (22) becomes

foal lrl a \ rn . / __ "r#,,_otr

565957 G1 --2

(22b)

4 tit. I ,a

(, +,,,q,- ,,,,a r'
\ m_/

(26)

(The s()lution of this equation is given in fig. 1.)
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Phase(3). -Descentto circularorbit at radius
ra around phmel (eq. (11)) :

m3=l 3.35X10-Sra _na.qa.ma a 7;_t_ (27)
m2 l?_goo m., _[a m2

or, from equation (tla):

(1-]-3.35X 10 -5 ra
m_ _ k rn2 / \

m,2 ga _)-1
mi go. _ta,

(27a)

Phase (4). Waiting or exploration period:

m 4..._.1 r_.t, 7n_z
ma ma ma

(2S)

where m** is the mass, other than provisions, that
is used during this period and left behind (suclt

as landing and exploration equipmenl).

Phase (5). Escape from cireular orbit a! radius

ra armmd planet (eq. (11)):

mS=l--3.35XlO-Sra m_ ga a *h,t5 (29)

Phase (6). -Plam,i-Earlh transfer (eq, (22)):

m_ 1 m_ m_ a

( r0 (,30)

(The solution of this equation in ploth, d in fig. 1.)

Phase (7). Descent to circular orbit at radius

r7 around Earth (eq. (11)):

m7 1 r._- _, mr g7 a _hst7 (31)--_- 3.35)<10 -._ ,
m6 ma m_ g0o/3t7 r%

or, from equation (1 la):

m-H¢=(l--ri_t_'_ (1 + 3.35..'<10 -5 r,m6 \ m_ /

(31 a)

Tim mass m7 in the mass returned to an orbit

around the Earth, and includes (1) the return

payload mass (crew quarter_ and supplies, except
consumed provisions, crew shMding, comnmnica-

lion and navigation equipment, instrumentation,
etc.), (2) the powerplant mass m_, and (3) the

reserve propelhml and provisions m,_,. If the

basic payload and reserve are grouped together

and denoled by m,, the return paylo,ul ma_s, then

(32)

All struelure weight is assumed to t)e included in

the powerplanI weight.

It is worth noting that the parameters a and

appear in equations (25) to (31a) only as the ratio

a,/_, whWh is equal to IVd'P,. Conseqm,ntly, the,

final- lo initial-weight ratio mT/m_ can be (Icier-

mined with(m{ separately specifying a and g. To

find lhe portion of the final mass m_ lhal is pay-
load, of course, requires specification of powerph, nt,

weight ratio _.

For the genera] manned mission, the payload

must 1)e ('al('ulah'd 1)3" the slel)-by-sle p process,

starting with an assumed initial mass m_. If the

payh)ad turns out to be less than or greater than
that needed for the mis.aion, other values of m,

must be assumed, and the correct value can be

obtained 1)y plotting a curve of m,, against m,.

For preliminary calculations, aimed at (h'ter-

mining Ol)limum values of the many parameters

involved in equations (25) to (32), it is better to

simplify these equations 1)y neglecting m,._ and the

supply consumption rh,. It is also convenien{ to
consider a specific mission. The mission chosen

for eonsiderat ion herein is a round-t rip _ Jars jour-

ney starting and ending in an ort)it, around the

Earth at. radius r_=rr=4360 miles (g_=gT=26.6

ft/sec2). AI Mars, a wailing orbit at ca=2500

miles is assumed (.qa==S.7 ft/sec=). With those

siml)lifiealions, equations (25) to (32) can be com-

1)tried to yield the fldlowing expression for the

ratio of l)ayload weight to initial weight:

m, f 1_ _ a [i_2__ 0.f1226 ( 1 l)q'_

/91/-- a .... 9

(33)
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wh ere

rn, 1--0.1207 _- (34)

eft trip [imes carl be made when F_ and I'0 have.

been de[ermined fi'om lhe equations for lransfer
belween circular orl)its.

r,:= 0.04 %, kw;'lb (35)

re= 0.04 -r-gS/2%- 0.01-t "/8, kw,,,'l b (36)
l+3I

Further simplil]calion is permissible for those trips

fol" whMt lhe refills involving ta and t_ are negli-

gible in comparison wilh F.,, as they will be for

lhe faster trips to be eonsi<h, red. (This is equiv-

aleut to ignoring tire mass used for phases (3) ,,nd

(5).) Equations (33) aml (34) lhen yield

ml

lr/p m 1

- _"'(r_-,_r0 !- fl'1207"] -_

where

Tel

m i
=- -_' (37)

?771 o: [_,

I" , 0.1207
r:+G+ tT- (3s)

E<tualion (37) can be used for initial eslima[es of

mass rati<) both for one-way Irips and round trips

(for the former, I" is siml)ly r2). This equation

imli<'ates also lhal an ol)limum wdue of _ exists
for fixed values of mdm, and I". Differentiation

wiih respeei to _ yields

i [ _ , i i i i i

2 : i
.sl_C%/,'n,.),,o, ...... _-- . •
[ .\_ I I .... : t_ _ ! i !_!

s , I .... i ,t.+J
t i t I,I,F

t [II![i11
_ L . ! N I [ 1 l 1 i [ 1 r

I I L\/ _ t I I I !
3L , 1 1 _ . . . i i i i l i i [M

i t ,1
0 .I .2 .3 .4 .5 .6 .7 .8

F]<unE 2. Ol)timmn powerphmt nm_s ralio and maxi-

mum p'D'load ralio as fum'lions of l"c_ for m_/mi 1,0.

TRAJECTORY ANALYSIS

The differenlial equations for lhe trajeelory fol-
lowed t)y a vehicle propelled continuously in a.

central gravilalional fiehl are (r'ef. ,_)

fl __ m t ,'_77-,t / /_72,_x (39)

an<l sut)stilution of this wdm, of ¢+ inlo equation
(37) yMds

/'/7p"_ 1771

(._,.,.,o=.,, (_ (_r')' (40))
%

For the missions considered herein, typical values

of m_,'m, range be{ween 0.80 aml 0.9;5.

Equalions (39) and (40) are plolted in figure 2
for m_:/m, 1.0. The resulis for this ease are the

same as in reference 1. With equniions (34) to

(39), ini!ial estimates for weight ratios as functions

al](]

w]rere

alld

,+ ,.+ l ar
o -go )-+_=-- (4_)

P fla

pO" + 2p'0'---a_ (42)
(/a

F sin
a,- (43)

112

1'" cOS
e0-- (44)

an<l where 6 is the direction angle of lhrusl vecior,
measured outw,n'd from lhe circumferential diree-
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tion (see sketch (a)). The radius ratio p is r/r_,

and the derivatives are with respect to the time

parameter r=re,,,l,. '..

F

Sketch (a)

Equalions (41) and (42) have t>een integrated

in the past for several typos of trajeetm'ies. In
reference 5, the {hrus_ is constant and directed at

all limos paralM to the velocity vector (tangential

lhrus[). In reDrence 6, the ae('eleralion F'/m is

eonslant, again with tangential thrust. In refer-

once 1, auxiliaLv eqnations arc, derived, using
variational methods, whoso solutions yiehl tra-

jectories lha/minimize 7 for a given one-way lrip
llme between two circular orbils. Other integra-
tions have been carried out for circumferential

[hrusl (_: 0 °) and radial lhrust (a=90°). None

of these approaches art" satisfactory for fast rmmd-

_vip analyses, because, as pointed oul previously,

the trajectories most lil<ely to reduce total round-

trip lime with minimum propellant consmnl)tion
are not direct t,'ansfers between circular orbits.

Although indirect-transfer lrajectories can be

oblalned by trial-at,l-error patching of various
eonslanl-thrusl and zero-thrust trajectories, the

procedure i,_ much too laborious for preliminary
analyses.

The approach used herein is [o prescribe a

family of hdl"ly simple trajectories, ealculale the

thrust and acceleration programing reqnired to
follow these trajectories, amt determine the eom-

l>inations of members of this family that yMd
minimum values of the two-way mass-ral it> param-

eler (F2 -_-1"6).

Two f,mdlies of trajectories were conshh,n,d.

For the firM, the equations of motion were left

in',aet, and an attempt was made to tirol simple
equations for the path that were capable of satisfy-

tug the boundary conditions flw transfer between

eirettlar orbits. A reasonal_le form for the tra-

]eetory is obtained if p is asm, maed to be a sine

function of 0. The angh, 0, in turn, was repre-

senh, d b,," a power series in r. The resulting

equutions to,' the trajectory were

+C):(0: _+00] +_

P : 2 I q- sin '2 -- 1 (46)

whore subscript j" refers to conditions at the final
orbit. These equations salisf.v the l_oumlary
conditions

At r=O: 0 O, p:-l, p' 0 l
(47)JA1 r=r1: 0 = 0,, 0--0£, p' 1}

Subslilution of these expressions for 0 and p

'md their derivatives inlo equations (41) and (42)

and subseqm,n{ integralion of the square of the

aeeelera.tion yiehl "y as a function of 0,-, r+, and lhe

inili,1 anti final <'ircumft,renlial-vclocily param-

eters 0; 'rod 0}. If circular velocity is desired at,

both oxlremilies, then 0,;=1 and O}=p7 a/=. These
values produce a direct transfer between two

circular orbits. For such lransfers, an optimum

0, is found thai mininaizes 7 for each transit time
r+. For indirect transfers, eoml)innlions of paths

can be used as illustrah,d in sketch (b). Both

portions ab anti be couhl be transfers belween

circular orbits, bu{ lower values of 'r for the com-

bined path van be obtained by varying t} e
eiremnferential-velocityparanwters 0_,at lhe inter-

mediate point b. A. number of one-way and

_--Indirect

" Final orbit

Sketch (b)

-,It
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round-trip trajectories were eah'ulaled for this

Ltmily, bu[ it was found that, lower wdues of 7

were obtained with tile seeoml family tried. Since

the second family is also simpler to deal with in

that closed expression_ are obtained for the 7's,

no further discussion of tile first family will be
presen! ed.

For tl,e seeoml family of Irajeclories, the

assuml)tion wa_ made the I at all point s the relation

0'=p -3/2 (4S)

was mainlained. This assumpiion implies dmi
the circumferenlial component of the velocily is

equal to lhe local circular velocity a! all times.

For this family of trajectories, the equations of

molten (eqs. (41)and (42))assmnc lhe particularly

_imple form

az=s' (49)
g_

ao 1 p-3/2p, (50)

Tile expression fort ihen becomes

The assuml)tion O'=p -3/+" defines Ihe relation bc-

lween the [we imlependenl variables 0 aml p, but

still permits arbitrary va.riations of p as a flmcfion

of time. It is now only necessary lo tirol an expres-
sion for p as a function of r thai satisfies the follow-

ing boundary eon<litions for [ransfer bet wcen two
circular orbits:

A1, r=O: p=l, p'=O )

f:_l r=rf ". p=p/_ pt=O

(52)

The simplest expression Ihat salisfies these
tend it ions is

(53)

Denoling r/r+ by _, the expre,_sions for p and its
derivatives are

p--- 1-- (p+-- 1)(2(3--2() (54)

p,=6(p!-- l) _(l --_) (55)
T.r

,,__6(ps-- 1")

p _ (1-2_) (56)

For indirect trips, such as those of sl.:eleh (1)),
combimttions of two Iransfcrs between circular

orl)its can again be employed, but lhere is no

choice of the magnitude of the circunffcrential

velocity of tile illtermedialc radius, because lhis

vclocit.v is circular, for these [rajeclories, when

p'--0. Substituti.a of equalions (54) to (56) into

(51) yMds

_:3(p/-- l )2 [-_z+ 31"(ps) _,+ (57)

where

F(p:)=f'L [1+ _.:-.,_ _,. _:j ,,C(1-_',1_,[':_----5_ 2,.,,a=--, > f(_,pl)d_ (5S)

and where.f(_,os) is equal to the in l egra ml of Ih e
second term.

Tl_e value of 0+ for lhese trajectories is, fl'om

equations (48) and (54),

0.r= p-3/2dr=_-+ g(_, p+-)(ts_
IJO t/O

=_-,(;(0+) (5o)
where

a(o+)- ['
0

-i dtq(_, oAd_= ,, [I + (07 1)C(3-20],/,

(60)

The fumdions F(pr) and G(pl) are l)h>ttcd in figure
3. For the entire range of p+ shown, an excellent

approximate expression for F(p_) is

F(p.,.) = 0.033 pff_'_ (61)

For a limited range of p+ (0.3<ps<3.0), which is of

interest for N[ars and Venus trips, ill(, function
_p+.) is given to good approximation l_y

(7(pf)=p2 -3/' (62)

Sul_stiluting these expressions into equations (57)
and (59),

3(P/---l)_ (_4} + 0.l p._-s/_) (63)"Y= r. r

0+= r_pff _/_, radians l

=57.3 rzp+-a/_, degJ (64)
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.d

u_

=v

y=

IOO

6O

40

1o

Fmt_RE 3. -Exact and approximal_, values of fuuctions P(pf) and G(;r)

4 6 I0

Equations (63) and (64) m'e the equations for

the trajectory paranielers upon which ihe remain-
der of the discussion will be based.

DIRECT TRANSFER BETWEEN cnlctrLAll OBmTS

Although much of ihe present reporl is devoted
lo round-trip iillerp|anelary missions, it is of

interest to discuss briefly the llS(' of O'_p -s12 {l'll-

jeclories for one-way direct transfers belween
circular ol4)ils. _.uch lransfers tl.i'e needed for

missions such lls raising or lowering salelliies and

for one-way phmetarv prol)es. Furlliermore, com-
binillions of such direcl transfers will sul)sequmitly

be used for annlysis of round-trip missions. For
heliocentric 1)aths starling fi'oln lhe Earth's orbit,

l" i_ _eriVell liV

r o.o4v (65)

and lhe trip time paralneter is

v,. <,Is lb.o,<.0.b64X 0"1: ......
7-$_ OO Q %/]'. ..... +\ 106

(OO)

where Is is expressed in days.
"Values of r calculated from equations (63) and

(65) are shown in fiflre 4 as a function of r$ for

various radius ralios ps. Siiown for comparison

is the curve for lhe optimum Earlh-_llu's lransfer
taken from referenct' 1. It is apparenl ilnlt tile.

0'--O -'_/_ li'lljoctories are far from optimum for

one-way inlerphulelary transfei's. For an Earth-
_I-ars IrtlliSfer time of 175 days, for example, allli

for a vallle of C_/,_=50, lhe ralio of inilial to fina|

mass ml/m_ is aboul 1.007 for tile trajectories of
reference 1 and allotll 1.25 for the 0'--p -_ trajec-

tories. Ahhougli il appears dou}>lftil ihiil ltu:
low mass ratios obtained for l|ie oplhnum lrajee-

tory can lie realized in praclioe, oven for one-wa.v

lrips, the difference is so hirge lhal diere is ade-

quale basis for ass_<lming thal round-lrip mass
ralios calculated with O'=p -_l_ li'aieetories are

quile pessimislie, <'liid tim{ Slllisoquenl li'lijector)"

studies will produce considerably lower rabies for

given trip time_.
For geoeenlrie mis._ions involving transfer lo

]ligher orl_its from <n nelu'-Eai'ih orbil (r0:4,360

miles), F is giwm by (see eq. (23))

r = 13,s2 (67)
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Tile relatlon 1)etween r/and 0 is

4.69":(0.$64X 105 tz 93 t_ (6S)
rI= 4.360

where 0 is again in days. Obvioudy, file range of

r/of interest fl)r geoecnh'ic missions differs greatly

from Ihat of figure 4.

INDIRECT TRANSFERS BETWEEN CIRCITLAR ORBITS

To evahmte mass ratios for indirect transfers

with the O'=:p -w_- family of trajectorie.% two

members of this family are eoni1)ined, as shown

in sketch (e):

c

_ _lnitial orbit

\
'--In&rect trajectory

Sketd_ (e)
Let

Pa _ 7":

(69)

Then the e_jpression f01"'7 appropriate for th(, entire
h'ansfer abe is derived as follows:

"/= 9d"r1
=£'E(L4+Io44-t,,,,

(70)

yvhere

Ta _,a ta, b

_c, bj

Tb_,b l O, c

Tc_a,c

r -- re" bt
2--

rb

(7])

The inlegrals in this expression for 7 are the same

as those which h,d to equation (63). Conse-

quently, the vahtc of-r for an indirect trip becomes

Y : t-- 2 "2 2

-I-3_(1- P_)2P:5"'2[(_) 2-I-0'10 p_a/_]rb (72)

Let _=t_,b/'G,_ be the fraction of the tolal transit.
time alloted to the portion ab of the trajectory.

Then, since p_=p_,./p_, equation (72) becomes

' ]3i -v,,)-
"'--- _r_ .,( +0.1 _,gal2

+3(P_--P_)2"f[(12_)r:]2_-O'I(p"P_)-s/'-'}(I=_)%_.

=- (TO _ T ,1 J

.... ( )+0.30(1 --p.)- _K

where

For a given total one-way h'ip time t_ and a

given destination radius ratio Pc, equation (73)
expressed ")' in terms of the intermediate radius

ratio p_ and the proportion of the transit tinIe
allowed for the first portion of the trip K. For

each p_, pc, and to an oplimmn wflue of _ exists
that minimizes 3' for the trip. Differentiation or

equation (73) with respect to _ yields the following

equation for this optimum ,: (denoted by K0):
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. o (74)

Tile solutions of lhis equation for r_=0 and r,=_o
i/re

For re=0: I -- _:)--.tu_ (75a)
K0

For re= co: ] -- _,)_ A_._ p_,_ (7510

These solutions for optinmm Koare t)loth'd in

figure 5. Also shown are values obtained for

r_----_"120. Thesc calculations show that, for
values of r_ of interest for interplanetary missions,
there is no appreciable change in K0from the r_=0
value. It is, lherefore, a good approximalion to
use the value of co for r_:0 in lhe expression for
7 (eq. (73)). This expression then becomes

f2(Pc,Pa) = 0.30(1 -- pa) 2p,-s/_(1 -_- a,"z |)

[1 _- (.'l/'p_) a/'_] (77],)

The limiting forms of the functions for p_= 1 and
p,=o_ (direct transfers) are

.f,(o_,l)=.LCp_,p_)=12(1-p_)_ (7sa)

f2(ool)=f2(p_,o_)=0.30 pgs/2(1--o¢)2 (78b)

The resulting expressions for 7 are, of course,
identical with the direct-transfer values of equa-
l ion (63).

Considerable simplification in making round-
Irip calculations results from noting thai

.| (pg ',oT 'p,,) = [. t (o,.,p,) ]-' C79)

J, Co;-',o7 'p,) = p7_f',(Pc,P_) (so)

.L Co: ',p; %) = o_G(o_,v,,) (Sl)

where

-1-Y=T:V,(R_,po)+ _ 7=,(p_,po) (7(b

f_(p_,p,) = 12(1 p,)_(l + (A-) 4 (77a)

The transformations pc-->p_lj pa_p_-Ipa corre-
spond 1o inward and outward h'ips between the
same circular orbits ahmg ll'ajeclories with the

Io[

\

565957 61 --3

///
/

\
\
\ /

i

.8 1.0 1.2

Intermediate radius ratio, Po

FIGITRE .5. -Limiling values of ol)timum _o for p,=1.524.

I

2.0
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(@
 __IY

Sketch (d)

same inlermediale radius r0 (sketch (d)). If the

value of y for the outward trip (abe) is denoted by

y2, and for the inwa,'d lrip (dbe) by %, equations

(79) lo (Sl), together wilh equallon (76), yieht
the result that

(,,. 1'#/- \1',/ "_=' \,]+

where r,_=r,,. This equation, in turn, when used

in equation (.'16), yMds the required resuh that

+i\/'e ]'c] - \ra l'a.
(S3)

Values of.f_ and f., are shown in figure 6 for
p<--1.;524 (Earth-3lars trip) aml p+=0.656 (_[ars-

Earth IriF,). With these values, mass ratios

required for v:H'ious coml>inations of round-trip

Mr.rs lrajeclories can be cah'ulnted.
Another quantily needed for these roulM-h'ip

calculations is the angulur distnnce traveled.

From equations (59) and (a-'2),

Ol"

O= r,,f,Ta/l@ rt,p17ajL

__ /p,N-3/4-" °"° ° b,)

-- T"P'7"_I4(1 -t-x"Ao,. _+"), rndi,ms
1+-(.i

(,_4)

0 (p_ p,,)_I _ pTa/_,_'T[ (SS)

where, as before, lhe optimum value of K for
r:=0 has been used.

The relation lwlween values of O,."rfor inward
and OlltWt/F(] |l'llllSf(q' between the same circular

orhils with the same intermediate radius is

sO | h,_l I.

-1 _ _ a.,',_,_ .(p,.,p,)._° (o_ ,v,- p,,) o+ 0
T g

O(p; _,p/ _p,,) = O(p. p.)

Even more useful for inle,'planelary mission

studies is the lead angh, _ acquired dm+ing the

transit by the vehMe relative lo the initial phme(

(.Earth). Any le'ul angle acquired during the

outward lvip (and during the lime spenl in lhe
vicinity of the destination planet) nmst 1)e reduced

to zero or augmented to 2rr if the remh'zvous with

the initial planet is to be achiew,d. The h, ad angle

acquired dm'ing the departure l)lmse (phase (2)) is

ce=0a - r''u l+
rE

rE - mr \l'I,: _,, , j
(S6)

where v_,u and r. are ihe orlfilnl speed and radius

of the Earth, rvis the orl>ital radius of the destina-

lion planet, nnd r,,,2 is lhc illlermediate radius on

the oulwar<l trip. The lend angle for the return

trip (phase (6)) is

{'c E

',v,_ I,, .] ,-]- t
l" E . . T _t+p ,

(s7)

where r,,,a is the inh,rmediate radius fro' the relurn

lrip. The h'a<l angh, aequircd during the time

spenl in the vicinity of lhe deslimllion i)lanct

(phases 13), (4), and (5)) is

:,,: (0,,- O,,:)C

F(" Y'+ 1
= V_r_:,E l ._ L.., ): 5'],,, -- 1 _1

where l_,=ta_-14415

(SS)
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• ,!For the Earth-Slars trip (ec,E/rx=0.0172 ra(han

day=O.986°/day), ihese h, ad angles become

0 ( 1.524, r_.: ). -1 , deg'day ($9)
_=0.986 r , "E

[' ) -_"=0 9s6 0 1 1.524, r_., -1 I, deg/day (90)
/6 " r \ r,, . '

tg
--=--0.462, deg/day (91)

The fuIwtion _/t--0.9S6 F! ( .524, r_ }__ isplob
'/ .r E

ted in figure 7. With this curve, lhe radius ratio

required for the reiurn trip, for a given outward

trip and wailing tinie, cat, be determined with the
relat ion

¢6+ ¢2+ _=2nTr (n:0,1,2,3) (92)

For fast trips, the case n,=:0 is of most interest.

WEIGHT RATIOS FOR MARS ROUND TRIPS

To evaluate the weights needed as functions of

trip time for interplanetary round-trip missions,

either with the step-by-slep method (eqs. (25) to
(32)) or with approximale methods, the values of

F+ and F_ mus! be determined for coml)inations of

trajectories that satisfy equation (92). For

Earth-Mars missions, the expressions for rz and

£_ are

1 z Ill n rE

-kf ( ].,5:4, °,'-') (ga)

where tt=2 for the outward trajectory and t_-6

for lhe inward trajectory. This function of transib

time and r_/r_: is plotted in figure S. Since 1' has

FIGURE 7.--Lead angles for Earth-Mars transfers with O'=p -sP- trajectories.
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a sharp minbnum at ro/rE=l.O, it, was thought
likely thu_ the lowest wflucs of Fa+r_ for a given

tot.a1 trip time would be obtained when either

lhe outward or return lrip is a direct one (ro/r_

=-1.0). Subsequent calcullttions confirmed this
conjecture, and further calculations were therefore

made for r<,,/r_=l.0. The first step was to
calculate rzq-r_ as a function of tz for severnl

fixed values of t,o and t', where t' is the total

round-trip time with the exceptions of the Earth

escape and desceni phases; that is,

t'=l..,-_-l_,-!-t_ (94)

Equations (94) and (92) and figure 7 determined

_'6, t6, and rb._/r_, as a function of 6; r,, and I'G were

Own obtained fi'om figure 8. This calculation
yiehled the optimum distribution between ta and

16 for given t' and lw, together with the values of

r..,, P_, aml ro,_fi'u corresponding to these optimum

trips. The results are shown in figure 9 for t,,,-=50

days. The curves show that the outward (direct)

trip time t: is about one-quarter of t', and that
the optimum intermediate radius for the return

trip rb.6 is about 57X10" miles and is ahnos!

independent o[ t'.

Using the values from figm'e 9, a calculation

was next undertaken using equations (,34) aml

(37) to determine the best distribution between

t_ and t' for a given total trip time. Values for
of 0.2 and _ of 10 were used for this part of the

calculation. The ratio m/m_ was found to be
rather insensitive to small redistributions of total

trip time between l_, t', and 6. The resuhing

breakdown of trip times is shown in table I.

Using these values, the ratio of inititd mass to

payload mass was calculated from equation (33),

which is the more precise equation for the case

m,.,-=O, 7h, O. Results ave shown in figure 10
for a=5 and 10 pounds per kilowatt. Also

shown fro" comparison arc mass ratios for the

same mission using nuelc_u' rockets with specific

impulses of 800 and 1000 seconds. The compu-

tation procedure and trajectories used for the

nuclear roek_,t are described in appendix B. The
two lmmches of the curves for the nuclear rockets

result from use of a different type of trajectory
for low and }dgh trip li,nes.

Figure 10 shows thai, contrary to general opin-
ion, electric rockets are I)Olcntially as capable a,_

nut,lear rockets of making fast interplanetary round

lrips. In fact, rot mass ratios less than 10, it

appears that electric rockets can accomplish the
mission considerably faster th,m nuclear rockets.

These comparisons, of course, depend on prqctieal
achievemenl of the assumed performance param-

eters for both systems, but the ones chosen are

generally regarded 'is being altaimd_le. Another

interesting result, shown in figure 10 is that the

mass r,_{io increases very slowly as lrlp time is

reduced quite drastically b('low the minimum-
energy values.

THRUST AND SPECIFIC-ISfPULSE PROGRAM

It, is of interest to calculate, for some typical

missions, the thrust 'rod specific impulse required

to follow tbe assumed Irajectories. For constant-

power trajectories, such as those considered herein,

thrust and specific impulse (or jet velocity) are
related by equation (5), which can be expressed as

F [ 45.9-P_ =45.9 -_ (95)
_'//,g;_) r/1 ,g00 oe

TABLE I. NEAII-OPTIMI-M PAI2AT_IETEIIS FOIl EAIITtI-M.'_RS ROUND TRIPS FOP, t_----50 ])AYS USIXG

0' p-a,'., TRAJECTORIES

Total trip
time, days

400

-150

500
550
600
700
800

.__ll t' ---_---__l" la t_ ls t t_ l__.,l.

25'455 122 I / 283 I 2(

30 4 i31 I
I 351 5t°i l lsi I I [ ] 342 ] 2_

50 ) 620 [ 160 ', I I I I -t10 / a(

r.,, kw/lb

0. 0315

• 023

• 0165

• 0132

• 0095
• 0060

0043

r_, kw/lb

0.063

01t

031

0235

0195
0121

0090

r E

0.61

• 62

• 62

• 625

• 63

• 63

• 63
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E

o O

100

6o j
.. !

4o _ Nuclear rocket --
I T (/: 800 sec)

\\4""-.. _ \ i i
',,\ _- ..... .I ! i i

',5 \ \ _, l I

; \ : -\ i- \ i "_- i- L

! "q I _,,; w \\ ;

I

300 400 500 600 700 _00 900 I000
Total trip time, days

F[c'r'm.: 1O. -_]_ass-r'dio comparison for _-'kI._rsround h'ips (m_=: =0; l_t_-=0).

J
f

i Electric rocket
Nuclear rocket

(Z= IO00 sec)

I100

l[ F/m_goo is denoted by aoo, equation (95) becomes

1=45--29-_ (9_)
aoo a

For cons{ant-thrust phases (phases (1), (3), (5),

.rid (7)),

a __ mogo a_r m_go__ 0.9 m.,qo (97)
°°--u°r_goo-- r m_goo t'c,at t_,,qoo

r_

where m,g_=m,,g_ for phases (1) a_d (5), and

_ogo=m_g_ for phases (3) and (7). Thus, for

phase (1) (Earth escape), with g,/goo=26.6/32.2

==0.826, and m,,:mo

and

O.OOS

ao0,a-- t, (95)

/1= 5740 _h (99)
(3(
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For phase (3)
0.270,

and

(N[ars deseeni), gt,/goo=S.7/'32.2= and

0.00335 ma (100)
(/00,3-- la mi

[a 13,700 _3la m_ (101)

For phase (5) (Nfars escape),

,I]11 d

0.00335 m 4
aoo,o (102)

[5 mi

I:, 13,700/3is m_ (103)

For phase (7) (Ea,'th descent),

and

O.OOS mr
a ..... -- (104)

17 77_

/r=5740 _tz m_ (105)
o_ TO 7

For variable-thrust phases (phases (2) and (6)),

the aeeeh, ralions are el)rained from equations

149), (50), (54), (55), and (56), and the lhrusl is
eah'ulaled from

.... o06)

Thus, f()t" phase (2) (<lireel Earth-.Xfars l,'aje('tory),

13.11(1

a,,2 10,650
_ (1-2_) (1o7)

g_ l_2

ao _ 91.4 ,
"= Xf(1.524, ()

g,, t,.
(los)

whereJ (1.524, () is the function under the integral
sign in equal|on (58).

For [)hase (6) (_[ars-Em'lh indirect return), the

aeceh, rations for lhe first portion are

a_._ --42,300 (1--21) (109)
g_ (0.42 ld -_

go \0.4-w_t# (f(po.+_) po._=_

and for the second portion,

a_,r,_ 2980 (1 --2_)
.q. (0.58 &):

ao,, 51.2 /rl+rF. _"_
]

010)

all(]

(111)

several trajectory vari-

transfer portion (l>hase

lignite 11 art, plolled in
interest are the curves

for the direciion of the thrust vector _, whicl_
show ihal the thrus[ is radial at both ends of tit('

trajectory and is inclined at large angh,s to lhe

velocity vector throughotfl mosl of lhe transfer.
The fact |hal. the lhFHsl is radial at both emls

of the trajectory for all O'--p -a/2 transfers can

also be seen from equalions (49), (50), and (56),

w]fi('h show |hal lhe rndial component of the
[hrusl vector decreases linearly wilh _ from its

maximum positive value at t_=O to its maximum

negative value al _ 1, whih, lhe circumferential

eomponenl is zero at 1)olh ends (p'=O) and reaches
its maximum value near the middh' of the transfer

p,_lh.

is certainly warranted.
The time variations of

al)les for the Earlh-Mars

(2)) of the trips shown in

figure 12. Of parlicular

The thrust and specific-impulse programs are

shown in figure 11(a) for a 500-day lrip and in

figure l l(b) for an 800-day trip. Values of o_
and 5 used were: a--t0 pounds per kilowatl and

_--0.20. These figures show thai the specific

impulse ranges from 2,500 1o 37,000 for the 500-

day trip, and from 4,000 h) 38,000 for lhe 800-day

trip. The mass-flow rah, s required for a given

power vary as 1-2, so l[|n| ItlaSS-_lo_V variation by
a factor of 100 is needed if [ varies t)y a fa('tor

of 10. Allhough these htrge variations are not

impossible wiih ion aeeelerahws, a reduction in

the range of variation will eeriainly be desirable.

It. is possil)h, that trajectories can be found that,
do not require such large lhrusl variations :rod

thai will not significanlly increase lhe mass ratio.

Considerable inveslig,tlion 1o find such lrajeelories

(1 12)
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(a) 500-Day trip.
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Fzc,_-R_ 11. Time hi,_iory of mass, ilirusi, and specific impulse' for 500-day and S00-day M.I'_ round trips (a= 10 ll)/kw,

_=0.20).
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oL__ _, -- - ___ ........... !--_

;; :2iiE

. i

0 80 160 240 Time, doys

FIt_a_ ll.--Co.cluded.

(b) 800-D:ty trip.

Time hi_torY of lna ._s, _hrq._t, and specific impulse fop 50l)-day ,qud S00-{laY Mars round {rips

" (c_ 10 lb/kvG fl_0.20).



24 TECHN'ICAL REPORT R 79 -._,',_.TION_AL AERONAUTICS AND SPACE ADMINISTRATION

150

100

(D

50

0

-50

-IOO

I I I i I r I
! ! ! i .I_

I /2' doys ' 17" g
i T T T .5/"

- - IQ_ ' .-_''" "_, ! I

_..----__Zi _-- ----_-'-_
' " t ' i : !

_, I I , :

1.6

........:-:
!.......: :

0 .2 .4 .6 .8 tD

_:///2

F[(;_'RF: 12. Time hlsIory o£ several lrajectoryvarialfl_',_

for E:tl't ]I-._ Iars trnn._f_,r along 0' _ p-3/2 t r_@'cl ories.

MANNED_ MARS MISSIONS

Using the near-optimum pnrnme{crs of table I,
calculations were made of the weights required for

a naanned Mars mi,_.Mon similur In that discussed

in references 5 and 7; thal is, an 8-man expedition

eap_l)le of landing on Mars. The constants of

lhe journey are the same as used for the unmanned
trips of the previous section, and lhe additional

eonsIants are m.,4/00:$0 pounds per day (based on

a consumption rat(, of 10 I1) per man per (t_y) and

exploration equipment m_,goo equal to 40,000

pmmd_.

Equations (25) to (32) for this mission become,

with _ 0.2:

Phase (l) :

111 _ 0.604c_ S0t, (113)
IT,.-- l h lt;

Phase (2) :

/801.,\

4(,-nf) .
_:OGI --

('+;10 ""
(solution plotted in fig. 1) 014)

Phase (3)

1 80ta

0.113o_W_
II:_" 1 -Jr ta II',

(115)

Phase (4)

Ill . 8014 40,000
(116)

Phase (5) :

11:_ 0.113c_ Ill 80l_
(117)

Phase (6) :

_/80/,_']
4\-H_/ . w_

/ II'_ _ _°_r_

t 1 -nt-[I'a)

(solution plotted in fig. 1) (llS)

Pha_e (7):

1 SOl7

II'_ 14 0.O04c_lt_
(119)

The return payload r_ttio is, as before,

w_ n;
_=iK-o.2o (120)

Using equations (113) to (120) and the param-
eters of table I, the return payload weight lVv

wa,_ calculated as a fun('lion of initbd weight for

several trip times and for values of specific

powerpbmt weight of 10 and 5 pounds per kilowal t.
Results are shown in figure 13. For a return

payload of 50,000 pounds, the initial weights are
shown as functions of trip time in fi_re 14.

I
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140xlO 3 I 1 I

i Total trip

time,
, days

i /

80C

/
/

/

400 600 800 I000 1200 1400 1600x103

Initial weight, _, Ib

FIGt'_E 13.--R_:tnrn payload a:_ function of initial weight in ne,'lr-F, arth orbit for 8-man Mtu's exp_,di|i{m, _t_ing low-

thrust propnl_ion system (fl 0.20; ]'tr_--40,000 ]b).
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1800xl05_ I i I I I 1 _ t T ] F_

LL___ Z__ . Electric rocket, a =10 Ib/kw I

iF !L ! .... Electric rocket, a=5 Ib/kw--I

1600_ \ i..... Nuclear rocket, .Z=lOOOsec I

- i_ \ _ ! f ] i, / 1 [ _ i i i

,, i [\ ! ! i-i

.oo [ ih,,:
2oak [ i I IA_I

500 400 500 600 700 800 900 IOOC

Total trip time, days

F[(_-RE 14. Comparison o1" inithd weights required in

near-Earth orbit for S-man Mars mid,ion as function

of total trip time (return payloads50,000 lb; I|-,.:=

-10,000 lb).

Also shown in figure 14, for comparison, arc

initial weights required for the same mission with
a nuclear rocket having a specific imt)ulse of 1000

seconds and a powerphmt weight of 20,000

pounds. A1)pendix B describes the calculation

procedm'e for the nuclear rocket.

Among the features of interest in fi_re 14 is

lhe result that the initial weight increases x'cry

slowly, with electric propulsion, as the trip time

is reduced from the minimum-energy value .f

'it)out 1200 clays (rcfs. 5 and 7) to abou! 700 clays

for a--10 or about 550 days for a=5. The rate
of increase is even slower than that for the

unmanned mission (fig. 10), because reduction

in supl)l.v weight needed tends to compensate for

the increased propellant weight as trip time is

reduced. The relative posiiion of the curves for
ele('trie and nuclear rockets remains al)out ,'is for
the unmanned-mission calculation.

CONCLUDING REMARKS

The results of this s(udy show that, even with

n simple, nonoptinaum family of trajectories, it is

possit)le to produee drastic reductions in the time

required for round-trip interplane(ary missions

using continuous, low-thrust propulsion. It is

to be hoped that further trajectory optimization

studies will produee even greater trip-time reduc-

tions for given initial mass. It is also desin_l)le,

although perhaps not essential, to find trajec-

tories that require less variation in thrust and

specific impulse than those used herein.

LEWIS TIESEARCIf CENTER

.'N=ATIONAL AERONAUTICS AND SPACE AI)MINISTRATION

CI,EVELA:';D, Ohio, April 22, I060



APPENDIX A

z4_ P_--p'_
1--p_

a llu'ust aceeleration

a, radial thrust acceleration

a0 circumferenlial thrust acceleration

ao thrust acceleration in reference circular orbit

for constant-thrust phases

C 4,4 X lO-'ro(aor)2(m,:lo/II'_) (a/fit:)

F lhrusl, 11)

g gravilational acceleration

go gravitational acceleralion in reference cir-
cular orlii_

g,J0 gravii,Jiional acceleration at Earth silrface

(32.2 fi/see z)

I specific impulse, see

X: mean-value parameter

m mass, slugs

_n,_ mass, other lhan provisions, u_ed and left

behind (phase (4))

l'; jet power, kw

r dislanee from center of gravitational body

r_ intormediale radius for indirect trajectory

r_: Earth orlliial radius, 92.9>(10 a miles

r_t NIars orbind rqdius, 141.5X10 '_mih, s
t time, days

l,,, time for p|lases (3), (4), and (5), la[14@t _

t' total round-trip iinle except phases (1) and

(7), ' '(a_lwml6

1] jet, velocity parameter, _'/r_.o

r_ circular velocity
z',.0 circular velocily in reference Ol'bil (depart ilre

orbit for excape pha._es and desliilaiion

orbit for descent phases)

vj jet velocity

SYMBOLS

W

lI'i

weight, mgoo

specific powerpiant weight, II_,,,,:Pj, lb/kw

ralio of powerphuit weight lo initial veliicle

weight, II'j,v,,:ll'_

r (vc, dl_/O.28(h_,)% kwilb

3' integrated acceleration paranleh, r for
variahle-liirust phases

t3 angle between thrust vector and circumfer-
elltial direction

0 trajectory angle (anomaly)

fraciion of time allotted to first portion of
indirect transfer

T/T 1

p radiu._ ratio

r tilno paranleler, Vc,o//r o
r_ see eq. (71)

<p lead angle

¢, angle between velocity vector and CiFClllllfer-
enlial direclion

Sul)seripts :

a wducs al slarl of phase

b vallleS at ella of pllase
K Earth

.f filUll vahles at end of proplllSiOYl period
i inilial

p payload
pp powcrplall {

])r propelhuil,

s sul)sistence supplies

w wait lime (phases (3), (4), and (5))
0 reference orbit

l 7 phases of inlerplanelary mi._sion
Superscril)l :

' indicates differentiation with respect 10 r

27



APPENDIX B

MISSION WEIGHT CAI,CULATIONS FOR NUCLEAR ROCKET

For ,'t high-thrusl inhwplrmetary mission, slat'r-

ing and ending in an orbit around the Earl]l, there

are four propulshm ph,,ses ((1), (3), (;5), and (7)),

each charaelerized by velocity increment ,At re-

quired to follow the chosen lrajectories. If ,,,lly

the propell_l,t rnass reduction resulting from each

Ar is considered, tile mnss ralio for ellc}l firing is

m°'"-e-_°+°__ (n 1,a,5,7) (B1)
m_z,lz

For the nuclear rocket, it i_ assumed tlmt a single

nuclear reactor and thrusl c]lanlber will be used

[hr<mghout the misgion, so that no moi<w staging

will take place. IIowever, after each firing, some

propelhmt lanknge enn t>c disposed of. If it is

assnmed that the ianknge weight is proportionnl

to lhe propelhmt used, lhe weigh! afler each pro=

pulsion period can be represemed us

Ol"

too,.= m'_,.-,,,(m..,,- mL,,) (B2)

m_.,, (7=. _ _,,,'°,- (n=l,:LS,r) (Ba)

where +,, is the ratio of disposed propellani lankilge

to propelhuil used. A vtthle of _,_of 0.05 w,qs used

in the present eompulltlions. If lhe mass ratio of

eclunlion (B3) is denoted l>y m,', iilc iililiti] weight
for tl complete ml-inned hilerpianeliu' 3" mis._ion Oltli

be WIq|lCti as follows:

Tt;_w.+w._ ,,4fl;t0
.t',_Gm'm;

m'l 'I "+ ' " l' ' ";.
-I _' }'tvt I ,G+II ,,)+ n amamrll J.,

: t i 7 ....

D71#)'7a#)751?77

(B4)

where 11_--80 pounds per <lit 3" for the 8-man mis-

sion considered, and II'<:,=40,000 pounds. For

the unmanned mission (I[',=IV+,=0), equalion

(B4) reduces [o

n; _4 _G
: - , , , , (Ba)

11,, m_mam_mr

2S

For the nuclel/r-roeket curves of figure 10, equlll ion

(B5) wfl._ lised, wiili 1t'_/11_ ,qssumed negligible;

w]fih' for lhe curves of figure 14, equation (B4) wns

llse<l whh lVvp nssunicd to be 20,000 pounds.

The vilhles of Ar lilid trip limes were obhlined

21'Oiil re£erence -4, which eOlilti[lt_ resulls of syslem-

illic eah-uliilion of Eai'lii-Xlars round-lrip lra-

jeclories. For ellch range of lolltl Irip lhne, lhe

trajectories yMding mhlimum total -Xv were used.

For ll'lp times t)e|weeli lhe millimum-energy value

of 970 days and 6,30 days, llie best rol.l[es _Otll/d ill

reference 4 were of the dh'eel type for the outwtn'd

irip aiid lin aphelion rOllle (p<'lssing oulshlc the

X[tll'S orldl) for ihe relurn trip. For the lrip thne

range 1,elow 600 days, lowesl Ads were foulld wllen

outward and rel urn trip were bol|l ,l|on a perihelion

roliles (passing inside lhe Eilrlh's orliit). Some

lnterpolitlion was neeessnry in the limes iind Ar's

Of refer0noe 4, since, for some of ihe lrajeclories of

inleresl, values were given only for 100 days' and

zero days' wailing lime (&) iii the vieinily or Mars.

To obtain the weighl ratio comparable wilh those

for {lie low-ihrusl missions, <'l value of G (=tO of

2,5 days was assumed unh,ss lnrger wailing limes

produced smaller Av's. The resuliing values for

lhe AI"s and times are given in hll)le IT. Tile Ihnes

required for lhe propttlsion phases were t'lsstnrned lo

be negligible. A dight eorreclion was made in lhe

vahles of Aca and Ar_ obtained from reference 4, to

allow for lhe difference between the 2500-mile

orl)it nssumed herein and tile orhil al 1.1 rM used

in reference 4. This eorreelion amounlcd to

changes of lhe order of 0.06 mih' per second or less

from ill(, values of Ara and A*'o el)rained from

reference 4.

Table II shows thal, for Irip times grealer i}lan

810 dnys, the wailing time at Xhlrs is grealer lhnn

2,5 days for the oplhnum lrnjec¢ories. No cuh'ula-

fields for t4_25 days wore made for the low-lhrust

propulsion syslem; however, l|le resulls of refer-

enees .5 and 7 for minimum-energy puihs (/4=450

days, ttot_ 1:200 days) yMded inilial weighls com-

parable to those obtllilwd heroin for t4=2D days,

lto,=800 days. (_onsoquenlly, il is expeeled lhltt

Ira,coteries ellli tie found, lit llie range of la,_ from
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T,kBLE II. TR.kJECTORY PARAMETERS USED FOR NI.'CI,EAII-ROCKET CALCULATIONS

Total trip
t inte, (lays

970

900

850

810

650

550

500

t00

350

12 tw

260 450

260 ] 225

260 I II0

260 25

160 I 25

263 25
226 r 25

155 25

123 25

71, 2:_;0
-Ig0 2. 20

525 2. 20

-165 4.48

262 -1.60

2-t9 4. 70

220 4. 70

202 -I. 60

..._V a

1.36

1.36

1.36

1, 36

2, 05

2.19

2. 7g

3. 56

4. 36

At 5 _U 7 t Avtotj

miles!see

1.3o 2.20 7
t 2az I s.5oai:2 2q4 9.22

a. ! 2.5a 97a
Sl ! ,5.q5

2 68 5. 00 1.t.-17
2. 68 ! 4 30 t4.46

317I ,00 I
,90 ,7,,2

Route

Minimum-energy

Diretq -aphelion

Direct -aphelion

Direct -aphelion

Direct-:q)helion

P.rihelion-perihelion

Pcrihelion-periheli(m

Perihelion-perihelion

lh,rih(qion-pm'ihelion

S00 h) 1200, that yiehl hmger "wafting limes than

25 days with little, if any, increase in initial weight.

The round-t rip missions analysed herein are not

necessarily the most economi(.al for either nu('lear
rockets or electric rockels. Other missions possi-

ble wilh ||uclear roel,:eis might include nuch,ar

boost from lhe Earth as part of the escape phase

(phase (1)), wiwrel)y some improvemenl in over-

all mass ratio might be realized relative to electric
rockets. Such a mid,ion shouhl be compared with

one in which electric rockets are lau|whed into
orbit with mmlear rockets to determine whether

there is sttf[ieienl atlvanlage in switching t() eh'e-

t|'ie rockets for the interpla,wtal'y part of the mis-

sion. Use of atmospheric braking, bt)t]l al lhe

destimg ion 1)hmel and upon return 1o Earlh, wouhl

reduce the weight ratio needt,d for both nuclear
anti electric rockets for a given total lrip time.

The reduction might be greater, pereentagewiso,
for nuclear rockets than for electric rockels, 1)e-
cause redtlctions in the effective kr lend to be nmre

significant with systems having lower speeifi<' im-

pulse. Such analyses, as well its discussion t>f the
relative optinaisna or pessimism in the assumed

performance paranit'lcrs t)f tile two systems, are

beyond the scope of this report.
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